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Abstract 

The 'directly Hamiltonian' field theory in the extended phase space 
is applied to gauge fields in curved spacetime background. These 
fields being differential 1-forms, have canonical momenta which are 2- 
forms. The Poincare-Cartan 4-forms for matter and gauge fields have 
to be modified with the exterior derivatives replaced by the covariant 
derivative for maintaining gauge invariance. 

1 Introduction 

In a recent communication [Ij (called I here) a Hamiltonian formal- 
ism is developed in which scalar fields are associated with canonical 
momenta which are differential 1-forms. This is a 'directly Hamilto- 
nian' formalism where canonical momenta are not defined through a 
Lagrangian via time derivatives of fields. Rather, manifest invariance 
in arbitrary curved spacetime is maintained at each step. The main 
features of this formalism are as follows. For background, motivation 
and other details see I. 

1. If we treat all the four derivatives d^<J) of the field (p as one quan- 
tity then it follows we should allow four components in momen- 
tum p = p^dx^ to be associated with one field variable (p. Thus 
canonical momentum is a differential 1-form for a field which 
is a form of degree zero. The 'coordinate' (p aiid its 'canonical 
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momentum' p are both differential forms but with the momenta 

being forms of a degree higher. 

2. The central object in Hamiltonian mechanics is the Poincare- 
Cartan (PC) differential 1-form pdq — Hdt. The PC-form in 
field theory is a differential 4-form constructed in the extended 
phase space. The standard structure of PC-form has a 'funda- 
mental' part pdq which is linear in the differential of the coordi- 
nates. This part determines the relation of canonical momentum 
to gradient of the field. The remaining part of PC-form is the 
Hamiltonian which is constructed out of fields and momenta. For 
a single free scalar field, for example, we can write 

1 1 

@ = {*p) Ad(f> - H, H = -{*p) A p + -m^ (j? {*!) 

where the Hodge dual star operator associated with the Rie- 
mannian metric g^y of spacetime is used to convert 1-form p into 
3-form *p and 0-form (here constant 1) into volume 4-form (*1). 
See the appendix A for notation. 

3. In general the Hamiltonian H is constructed as a 4-form (which 
is equivalent to a scalar) with and p just like a Lagrangian is 
constructed from (j) and d(j) in Lagrangian field theory. 

4. The extended phase space has the structure of a fiber bundle 
where spacetime is the base manifold and the fiber consists of 
fields and momenta. 

5. The allowed field configurations are sections (i.e. mappings from 
the spacetime into the bundle) which are submanifolds of the 
bundle characteristic of the 5-form H = — dO. This means that 
tangent vectors of the submanifold annihilate S. 

6. Observables of the theory are differential 4-forms integrated over 

spacetime. For example, (j){x) is not an observable, but a quan- 
tity of type J (j){x)j{x){*\) is, where j{x) is a scalar 'test func- 
tion' which can be chosen to be non-zero in some small region 
of spacetime. There is no Poisson bracket in the usual sense 
because coordinates and momenta are forms of different degrees 
in this formalism. Instead, we use a generalization of the idea 
that Poisson bracket between two observables determines rate of 
change of one observable when the other observable is the Hamil- 
tonian or part of the Hamiltonian. The generalized bracket was 
defined by Peierls in the early days of quantum field theory. 
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7. Even in classical mechanics coordinates are zero-forms and mo- 
menta are 1-forms. But the base manifold in classical mechanics 
is one dimensional, and 1-forms in 1-dimension are as good as 
scalars or 0-forms. Thus coordinates and momenta seem to be 
on the same footing and the Poisson bracket has a coordinate- 
momentum symmetry. The Poisson brackets turn out to be 
equal-time Peierls bracket in classical mechanics as has been 
shown by the author [2]. 

8. The symmetries and conserved quantities can be discussed very 
easily in this formalism. Invariance of the PC-form, expressed 
as the vanishing Lie derivative LyQ = 0, where Y is the vec- 
tor field of an infinitesimal symmetry transformation. Noether's 
theorem holds and the integral of the 3- form i{Y)Q over a closed 
3-surface is zero. Usually, the three surface is taken made up of 
two space-like surfaces and a cylindrical surface at infinity. The 
conservation law takes its usual form in this setting. 

The purpose of the present paper is to extend this formalism for 
gauge fields. In order to preserve gauge invariance we have to modify 
the structure of PC-form from *pAd(j) — to = *pA{d(l)+A(p) — 
where the 1-form A is the gauge connection. In order to include the 
gauge fields as dynamical fields we must define the PC-form for A 
as well. Since A is already a 1-form its canonical momentum related 
linearly to velocities dA would be a 2-form. Calling that F, the PC- 
form should be Qa = *F A (dA + A A A) — Ha as the natural gauge 
invariant object. 

In the next section we introduce external gauge connection fields A 
interacting with real scalar fields which have a an 0{N) gauge group. 
We choose scalar fields for simplicity to illustrate the idea. Spinors 
involve tetrad fields and will be treated separately. In section 3 we 
develop the formalism for the gauge field alone. The canonical mo- 
mentum associated to connection field A turns out to be the curvature 
dA-\-AAA on allowed characteristic submanifolds. Finally in section 4 
interacting fields (p and A are considered and equations of motion de- 
rived. The issue of gauge fixing and Peierls bracket in this formalism 
will be treated in a separate communication. 
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2 Scalar fields in an external gauge 
field 



If there are A'^ real scalar fields then the PC-form for them is 

= m Ad(j)'-H (1) 

where is a 4-form depending on all the fields and their momenta. 
We will omit the index i and write the form simply as *p/\d(f) — H. If 
there is an internal space global 0{N) rotation (acting on the right) 
(f> R^^cf) we define the momenta to transform contra-gradiently 
p R^p = pR. This keeps the PC-form unchanged provided the 
covariant Hamiltonian H remains unchanged too. 

However, if the internal space rotation is 'gauged', that is, if ma- 
trices R depend on spacetime coordinates then the PC-form must 
be modified with the introduction of a gauge connection form A which 
are new 1-form fields taking values as Lie algebra elements. 

We suggest the following expression for the PC-form 

@^ = *pA{dcl> + A(l>)-H{ct),p). (2) 
Here A should be regarded as a matrix valued 1-form 

A = A'^Ta = A^dt^^Ta. (3) 

The matrices Ta are 'generators' (that is Lie algebra basis elements) 
of the internal symmetry group in the (real) representation to which 
fields (f)i belong. We assume 

[Ta, n] = Cah'Tc (4) 

where Cah^ are structure constants of the Lie group. The Lie algebra 
in the adjoint representation, which we need later, is defined by 

{TaV = -CI,. (5) 

It satisfies 



TY[Tan] = kab (6) 

where constants kab allow us to define an inner product on the Lie 
algebra. It is well-known that kab is non-degenerate for semi-simple 
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Lie groups and moreover it is negative definite (as here) for compact 
groups. We call its inverse by k"-^ where kabk^'^ = S^- 

It clear that the PC-form is invariant if along with cp — )• R~^4', the 
connection transforms as 

A R-^AR + R-^dR. (7) 

The form —d& is 

-de = -{d*p) A{d(f> + A(l)) + {*p) A d{A(f)) + dH^ 

= -{d*p) A{d(p + A<p) + {*p) A [dA(f) - A A dcp] + dH^ 

= -{d*p)A{d(l) + A(l))-{*p)AAAd(f> + dH^ 

= -{d*p) A{d(f> + A4>) - AAA{d(l) + A(l)) + dH^ 

= -{d*p + *pAA)A{d4> + A(f>) + dH^ (8) 

where in the third step we have omitted the term {*p) A dAcj) because 
it has five factors of dt^, three for *p and two for 

dA = Al^^dt" A d^Ta. 

Here the connection field A is supposed to be given as an explicit 
function of spacctimc coordinates. Later, when wc involve ^ as a 
dynamical field we would be required to keep this term because then 

dA = dAl A dt^Ta 

would have only one factor of df^. 
For a Hamiltonian of the form 

H^ = \i*p)Ap+^m^(t>^<Pi*l) (9) 

the exterior derivative is 

dH^ = {d*p) Ap + m'^(j){*l) Adcf) 

= {d*p) Ap + 171^(1) {*!) A {d(f) + A(f)- p) 

= {d*p+*pA A) Ap + m'^(f>{*l) A{d(t> + A(f>-p) (10) 

where we can harmlessly add Acj) — p to dcp because these terms are 
1-forms proportional to dt which when multiplied to (*1) gives zero 
because of five dt factors. Similarly, keeping an eye on eqn. (8), we 
can add *pAAAp = Om the last step above because it has five factors 
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of type dt^^ which arc zero in 4-dimensional spacetime. Substituting 
this expression for dH^ into (8) we obtain 

E = -d@ = -{d *p + *pAA- m^^(*l)) A (dcj) + - p) (11) 

The factorization of H = —dQ aUows us a quick route to the field equa- 
tions. The second factor gives the definition of canonical momentum 
in terms of velocities 

p = d(t) + Act), (12) 

and the first factor has terms 

d*p + *pAA = d * {dcf) + A(f)) + *{d(f) + Acf)) A A 
= d * (del) + A(l)) - A A *{d4> + A(j)) 
= {d - A) A *{d + A)(l). (13) 

We have a slight abuse of notation here, the term d A {. . .) is just 
d{. . .). This leads to the equation of motion for the field 

[{d - A) A *{d + A) - m'^](l) = (14) 

3 PC-form for the gauge field alone 

In the analysis of the last section the connection field is given exter- 
nally. To include the field into dynamics, we must write appropriate 
terms for it in the PC-form. We first write the PC-form just for the 
connection field. 

The connection potential A is already a 1-form matrix which de- 
pends on which representation we are considering. In the last section 
the fields A were in the representation provided by matrices suit- 
able for acting on the matter fields whereas in this section matrices 
are in the adjoint representation {Ta)b^ = — C^;, for the generators. 
Strictly, we should call the gauge potential in the two cases by differ- 
ent symbols. But we use the same symbol for simplicity hoping this 
to be kept in mind. 

To express the first term of the fundamental 4-form with struc- 
ture *(. . .) A dA we must define the (star operated) canonical momen- 
tum, call it *-F, a 2-form matrix because dA is already a 2-form. 
Therefore F is a 2-form matrix as well. 



6 



The gauge transformations of A is well-known A R~^AR + 
R~^dR. R is the group matrix in the adjoint representation here. 

Wc also know that 

dA + A^A d{R-^AR + R-^dR) 

+{R-^AR + R-^dR) A {R-^AR + R'^dR) 

= {dR-^) AAR + R-^{dA)R- R-^AAdR 
{dR-^) A (dR) + R-^A AAR + R'^A A (dR) 
-{dR-^) AAR- {dR-^) A {dR) 

= R-^{dA + AAA)R 

where we have used R-^dR + {dR-^)R == = above. Thus the 
PC-form for gauge connection field A should look like 

@A = Tr[*F A{dA + AA A)] - Ha- (15) 

where F has the transformation F — > R'^FR. 
The Hamiltonian 4-form is taken to be 

Ha = ^1V(*F) A F (16) 

which gives 

S = -dQA 

= -d[Tr *F A{dA + AaA)]+ dHA 

= -Tr[{d *F)A{dA + AA A)] - Tr[*F A{dAAA- Aa dA)] 
+Tr{d *F)AF 

where we have used the formula 

d{*FAF) = 2{d*F)AF. 

Now, we can write 

Tr[*F AdAAA] = Tr[A A*F A dA] = Tt[A A *F A {dA + A A A - F)] 

where we have added two terms which are actually zero because they 
carry five factors of dt. Similarly, 

Tr[*F AAAdA] = Tr[*F AAA{dA + AAA- F)]. 

Thus 

-dQA = -Tr[{d *F + AA*F-*FAA)A{dA + AAA-F)] 
The equations of motion are finally, 

d*F + AA*F-*FAA = 0, F = dA + AAA (17) 
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4 Matter and gauge fields together 



When both the matter fields (p aiid gauge fields A are present, the 
PC-form is the sum of the two 



We vary both (f> and A fields. The expressions have been calculated 
before and the only change now is that the term *p A dA(f> which we 
threw away in —d&^ when A was an external field depending explic- 
itly on spacetime, has to be kept and combined with the similar dA 
term in —dQA There is also a minor problem of changing A in the Ta 
representation to the adjoint representation. 

The concerned term is {*p) A dA'^Ta4>- From A = A"'Ta we can 
take the trace and infer Tr (ATj,) = A°-kab Therefore, using the inverse 
matrix, A°- = k^^Tr{ATfj). The combines PC-form is then 

S = -{d*p + *pAA-m^4>{*l))A{d4> + A(j)-p) 
+(*p)r„#"^TV[T6(d^ + AAA)] 
-Tr[{d *F + AA*F-*FAA)A{dA + AAA-F)] 

where we have completed dA to dA + A A A — F because A A A — F 
has two factors of dt which will give zero when multiplied to three in 
*p. Thus finally we can bring this term in the last set of terms 

S = -{d*p + *pAA-m'^4){*l)) A{d(t) + A(p-p) 



The Hamiltonian equations are therefore as follows. The definition of 
momenta is given by 



e = e^-H^ + eA- Ha. 



(18) 



-Tr[(d *F + AA*F-*FaA- {*pTa^)k''''Tb) 
A{dA + AAA-F)] 



(19) 



p = dcj) + Acj), 
F = dA + AAA^ 



(20) 
(21) 



and the 'field equations' are, finally. 



d*p + *pAA — m^0(*l) 
d*F + AA*F-*FAA- {*pTa^)k"'^Ti, 



= 0, 
= 0. 



(22) 
(23) 
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A Notation 



We use notation as given for example in [3J or [3]. 

The spacetime is a Riemannian space with coordinates t^,^ = 
0, 1, 2, 3. Basis vectors in a tangent space are written = d/dt^ The 
metric is given by the inner product {d^,dy) = g^y. The cotangent 
spaces have basis elements dt^^ with {dt^jdf^) = g^^^ . The metric has 
signature (—1, 1, 1, 1). The wedge product is defined so that a A /? = 
a® (3 — (3® a for one-forms a and /3. The exterior derivative is defined 
so that for an r-form a = a^^^^^^^dt^^ A ... A dt^^ the derivative is the 
(r + l)-form 

da = a^^.^^^^udt" A dtf"' A ... A dt^^^ 

The Hodge star is a linear operator that maps r-forms into (4 — r)- 
forms in our four-dimensional space. The definition is 

*{dt^'^ A...Adt^'^) = [(4-r)!]-iV^g'^i'^i ... 

y '^U\...Url'r + l---l^i'^^ . . . UjL 

where g denotes the determinant of g^j_i, and e is the antisymmetric 
tensor defined with £0123 = 1- The one-dimensional space of 0- forms 
has the unit vector equal to real number 1. The one-dimensional 
space of 4-forms has the chosen orientation given by the unit vector 
e = v? A "n} A m? A v? where are the orthonormal basis vectors 
in the four-dimensional space of 1-forms. In the coordinate basis e = 
yJ—gdt^Adt^Adt^Adt^. The star operator acting on the zero form equal 
to constant number 1 is denoted by *1 = e = ^dt^ A dt^ A dt^ A dt^ . 
We have the simple result that dt^' A *dt'' = - * dt" A dt'' = g'^'i*!) 

The interior product i{X) of a vector X with an r-form a gives an 
(r — l)-form i{X)a defined by 

(i(x)a)(yi, . . . , Yr-i) = a{x, n, . . . , y,_i) 

When it is more convenient we will denote the interior product oper- 
ator by ix in place of i{X). 

Two successive applications of interior products on a form are de- 
noted by 

i{X, Y)a = [i{X) o i{Y)]a = i{X)[i{Y)a] 

Note that i{X,Y) = —i{Y,X). Similarly successive applications 
i{XY . . . Z) of many such interior products can be defined. If a is an 
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r-form then 

i{X){a A/3) = [i{X)a] A /3 + {-lY'a A i{X)/3 
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